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,Z[BYXTO‘IG‘IHBIG KpaeBbl€e 3aJa91 C MOHOTOHHBbIMMA
I'PaHNYHBIMA YCJIOBUAMMN

A4 Jlenwn, JILA.Jlenun

AHHOTaIJ;I/IS[. ,ZLHH wfﬂanﬂacnaﬂa JOKa3bIBa€TCA CYIIECTBOBAHNE PEHICHUA PAa3/IMIHbIX
KpaeBbIX 3aJa4.

VIIK 517.927

Paccmorpum ypashuenue

(QO(Z‘/»/ = f(t,I,JZ/), tel= [CL, b]v (1)

e ¢ € C(R,R) crporo Bospacraer, lim, o ¢(y) = —oo, lim, o ¢(y) = +oo n f
yaoBaerBopsier yeaosuam Kapareomopu: f(-, z,y) nsmepuma ua [ npu GpUKCHPOBAHHBIX
r,y € R, f(t,-,-) HenpepbiBHa Ha R? mouTn npum Beex t € I u s 11060r0 KOMIAKTHOTO
muoxkectsa P C R? maiinerca dbynxkuua g € Li(I, R) takag, uro jaiaa seex (t,7,y) €
I x P cnpaseyuso nepasenctso | f(t,x,y) |< ¢g(t). Anamoruanoe ypaBHeHHe H3Y9aI0CH
B paborax [1]-[4].

Omnpenenenne 1. Oyukuus r € C'(I, R) apagercs pentenuem ypashenus (1), ecu
dbyuknus p(z') : [ — R abconrorHo HenpepbiBHA n ypasenue (1) ymoBiaerBopsieTcsi
noutu Beroy Ha [. MHoxkecTBO pemrenuii ypaBuenus (1) o6osnadum depes S(I, R).

[Tycts U — NOAMHOZKECTBO CJIEAYIOIET0 MHOXKECTBA Y CIOBHIA:

B O XN Ote W=
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C. HlOé = Hlﬁ,
D. HQO./ = Hgﬁ
Hanee Oyaer u3ydarbcs KpaeBad 3a1a4a
(") = f(t, @, 2"), (2)
Hy(z(a), z(b),2'(a),2'(b)) = Hiz = I, (3)
Hy(z(a),x(b), 2 (a), 2/ (b)) = Hyx = ha, (4)
a<zr<pg U, (5)

rne Hi,Hy € C(RY,R), hi,hy € R, a : I — R — umxnsgs, 3 : [ — R — pepxuss
dbyuknun qs ypasuenusi (1) u o < 8. Kpome nenpepsisaoctu, byukuun Hy u Hy 6yayT
NPUHAILIEKATH K ONPEIEJTCHHBIM KJIacCaM MOHOTOHHOCTH.

Omnpeaenenne 2. Oynkuua H € C(R*, R) uMeer TUI MOHOTOHHOCTH (071, 03, 03, 04),
rne o; € {0,—,+,1}, ¢ = 1,2,3,4, ecu ipu 0; = 0 dbyuknus H He 3aBUCAT OT i—TO
aprymMenTa, npu o; = — GyHKIua H He Bo3pacTaeTr 1o (—My apryMeHTy, Npu o; = +
dyukiusa H we yObiBaeT 1o ¢—My aprymeHTy, a nupu o; = 1 Ha i—it apryment dpyuknuu [
yCJI0BHs He HakaaapiBatoTcst. Kitace monorouuocru M (o4, 09, 03, 04) coctout u3 hpyHKIuUii,
UMEIOIIUX THII MOHOTOHHOCTH (071, 09, 03, 04).

Paspenmnmvocts kpaeBoii 3agaqn (2)-(5) OygeM BBIBOJUTD U3 PA3PEIIMMOCTH 334K
Hupuxe

() = ft,,2"), w(a) =hi, @(b) =hy, <@ <fhy, (6)

rae hy € [oa(a), fi(a)], he € [aa(), B1(D)], an -— Hnxusa, a B -— Bepxuss GyHKIMU 1
a < a; < By < 6. Byaem ropoputh, 9T0 BhINOJIHsIeTCs yeaoBue B, ecim KpaeBasi 3a1a4a
Hupuxie (6) mmeer permenune npu JoObIX aq, (1, hi, ho 1 MHOXKeCTBO THX peleHui
KOMITAKTHO.

Bamernm, uro ecu «, 5 € Lip(I, R), niuga mobwix ¢, € (a,b), to € (t1,b) u3 cymecrso-
BaHWS COOTBETCTBYIOIINX MPOW3BOIHBIX CAEIYIOT HEPABEHCTBA

o0/ (1)) — (ol ()) = / (s a(s), o(s))ds,

(B (1)) — / £(s,8(s), B'(s))ds

u Mexky o u 3 cnpaseuso yeaosue [penepa (em.[5]), To cupasemiuso yeaosue E. s
TAK OIPEJIEJIeHHBIX HUKHUX U BepxHuX dbyukuuii cymecrsyior o/ (a), #'(a), o/(b) u F'(b).
JIpyroe omnpejiesieHne BepxHuX U HUKHUX DyHKIuii ecth B paborax |3]-|4].

IlocTanoBka 3agadn
Bagava upuxie
(p(x")) = f(t,z,2"), x(a)=hy, x(b)=hy, a<zx<f

noJrygaercst u3 Kpaesoit 3amaqan (2)-(5) npu Hiz = z(a), Hex = z(b) u U = @. “cuo,
aro ycaosus hy € [a(a),B(a)] u hy € [a(b), 5(b)] aBagioTcs HEOOXOAUMBIME JJIsT CYIIIE-
cTBOBaHUs pernenus 3amaun Jupuxie. Ecau mepenucars ux B repmunax yuximmit Hy u
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Hy, To nonyuum yenosus hy € [Hia, Hi5] u hy € [Hya, Hof3]. DT ycioBus gBIAOTCS
eCTeCTBEHHBIMHE U JIIst KpaeBoit 3aga4n (2)-(5). [Ipudem pasyMHO TpeGOBATH BBIIOJIHEHUST
yeaosuit Hiao < H i n Hya < Hy3. DT0r0 Beerga MOXKHO JT0OMTHCS, TPU HEOOXOINMOCTH
YMHOKasl COOTBETCTBYIOIEe I'PAHUYIHOE yCa0BUuEe Ha —1.

[Iycts My u My — k1accel MOHOTOHHOCTH. OCHOBHAS /b JabHEHINero — BhISICHUTD,
npu Kakux My, My u U cupaBeaauBo

Vreepxkaenne VV. na mobwix Hy € My, Hy € My, hy € [Hia, Hi15] u hy €
[Hyor, Hoffl m3 Hioo < H13, Hyae < Hof3, yenosuii U n E ciegyer cymecrBoBanue pemenus
Kpaesoit 3agaun (2)-(5).

N3 pazpemumoctu 3ana4u lupuxie cieayer cupaBeJInBOCTb YIBepzKaeHus YV s
M, = M(1,0,0,0), My = M(0,1,0,0) u U = @. Jna Hiz = z(a) = afa) = hy u
Hyx = x(a) = [(a) = he upu aa) < [(a) xpaesas 3amaqa (2)-(5) He umeer penreHusl.
Caenosarensno, nua My = M(1,0,0,0), My = M(1,0,0,0) u U = @ yreepxkaenne VV
HEBEPHO.

Habop (M, My, U), nojcranoBka KOToporo B (hopMyInpoBKY yTBepzKaenus YV nenaer
ero BepHBIM, Oy/ieM Ha3bIBaTh TeopeMoii. Ecium Habop He gBIsgeTcsa TeopeMOil, TO MOYKHO
MOCTPOUTH MPOTUBOpedariuii mpumMep. [ToaTomy Takoit Habop 6y IeM HA3BIBATH TPUMEPOM.
O6o3naunm uepes T'E muoxkecTBo Beex Habopos (M, My, U), uepes T — MHOXKECTBO BCex
TeopeM, a 4depe3 E — MHOXKeCTBO Bcex npumepoB. B T'E BBegeM YacTHUYHBIN MOPSIIOK
caepyroumm obpazom: (My, My, Uy) < (M3, My, Us), ecnin My C Mz, My C Myu Uy C Uj.
[Iycts 1), — MHOXKECTBO MaKCHUMaJbHBIX 3JeMEHTOB MHOxKecTBa 1, a FE,, — MHOXKeCTBO
MHUHHUMAJTBHBIX 37eMeHTOB MHOxKectBa F. U3 t; € T, to, € TE u ty < 1y cienyer, 9To
o sIBJISIETCSI 9aCTHBIM ciydaem teopembl tq. [lostomy to € 1. Anasoruuno u3 e; € F,
eo € TE n e; < ey caenyer e; € E. [losromy 1), MOTHOCTHIO ONpee/isieT MHOZKeCTBO 1,
a F,, — muoxecrso F.

BameTHM, 4TO KOJHIecTBo 31eMenTos B T'E — okono 5-10%. B pa6ore [6] n1a p(y) =y
OBLTO TOKa3aHo, u4To 1), cocrout u3 931 snemenra, a F,, — u3 2554 snementoB. Kpaesas
sama4a (2)-(5) u ycaoBust 1-D obuagaror cumverpueii, KOTOPOil ecTeCTBEHHO BOCIOJIb-
30BaThC JJIsi YMEHbBIEeHNsT HYKIAOIMINXCSA B J0Ka3aTeabcTBe TeopeM. Takmm obpaszom,
VJAJ0Ch BBIIEIUTH MOPOKIAI0MNe TeopeMbl Ty, KOTOPBIX OKazaaoch 106. AHaIormaHo
u3 I, BBIIEIAIOTCA MOpPOZKIAIoMmue mpuMepsl Fy, KOTOpBIX oKasanoch 315. Ilopoxna-
IOIIIe TEOPEMBI, OTJIUYAIONINECS APYT OT JAPYTa TOJBKO T€M, YTO BMECTO YCJIOBUS 3 CTOUT
ycJoBue 2 mim 4, a BMeCTO ycJioBus 7 — ycjioBue 6, MMeIOT aHAJIOIMYHbIE JIOKA3aTe/IbCTBA.
[ToaToMy UX MOKHO OOBEIUHUTH ¥ MOJIYIUTH MHOZKECTBO 6a30BbIX TeopeM 1'b. Oka3za/ioch,
910 MHOXKecTBO 1’0 cocrout u3 95 snementoB. st mokasareabcTBa Beex TeopeM u3 1
JIOCTATOYHO JOKa3aTh Bce TeopeMbl u3 1'b. YToObl yOe uThCs, YTO HU OJHA TeopeMa He
IPOIyIIeHa, JOCTATOYHO IOCTPOUTH Bce HmpuMepnbl u3 ;. Bce 310 OBLIO HpOjenaHO B

pabore 6] mus ¢(y) = y.
BazoBrnie TeopemMbl
Hab6op (M, Ms,U), tue My = M(01,02,03,04) u My = M(os5, 06,07, 0g), HOJTHOCTHIO
onpezesieT TeopeMy uian npumep. s 6a30BbIx TeopeM 0y 1eM NOab30BATHCA CJIeLYIOINM

0003HAYCHUEM:

Tbn. 01020304.05060708.U1UsU3U4LU5UaUTUUYUAUBUCU D,
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rjie n — HOMep 6a30BOil TeopeMbl, u; = %, eCJU i—e ycaoBue BXoauT B U u u; MycTO B
HpOTUBHOM ciiy4dae. Tenepb npuBejieM CuucOK 0a30BbIX TEOPEM.

Tho1l. 11—~ +.—— 00.——NS

Th02. 1--0.-104+.——NN.m

Th03. 11- +.1--0.1.++ —.NS.m

Th04. —1—+.——-0.2.+-NS

Th05. —11+4.—-10.3.+ —.NS

Th06. —11+4.——+0.4.4+ —.NS

Tb07. — 14+ +.—-10.4.+ —.NN

Th08. 111+.1-10.13.+ —.NS.m

Th09. 11— +.11- +.15.+ +.55.m

Th10. 1--1.1-——.16.4+ +.NS

Thb1l. 1--1.1--1.17.4 +.SS

Th12. - +.1-— +.18.+ +.SS.m

Th13. ——1.-———26.+ +.NS
Th14. ———1.-——-1.27.+ +.55
Th15. —-— +.——— 4+.28.4+ +.5S

Th16. ——11.——1-.36.+ +.NS
Tb17. ——11.——11.37.+ +.SS
Th18. ——11.—— + —46.+ +.NS
Th19. ——1-—— + 1.46.+ +.NN
Th20. 111+.111+.135.4++.SS.m
Th21. 1-11.1-1-.136.++.NS
Th22. 1-11.1-11.137.4 +.SS
Th23. 1-1+.1-1+.138.4+ +.SS.m
Th24. 1111.1111.1357.+-+.55.m
Th25. 1111.--00.9AB.+ +.NS
Tb26. 1-——-1+ +.9AB.——NN.m
Th27. 1111.1-——19AB.+ +.NS.m

Th28. 1111.———29AB.+ +.NS
Th29. 1-——-.—-1-29AB.+ +.NN
Th30. 1-——.—— +1.2V39AB.- +.NN

Th31. 1111.—1-39AB.+ +.NS
Th32. 1111.— +0.49AB.+ +.NS
Th33. —1+ +.—1-.49AB.+ —NN
Th34. 1111.1-1-.139AB.+ +.NS.m
Th35. 1111.1111.159AB.+ +.SS.m
Th36. 1111.1-11.179AB.+ +.NS.m
Th37. 1111.——11.379AB.+ +.NS
Th38. 1111.—— + —469AB.+ +.NS
Th39. 140+.—0+.C.— +.N

Th40. + ——0.-1- +.C.——N

Th41l. + -00.11—+.C.—.N

Th42. 1+0+.1-— +.1C.+ +.N.m
Th43. 041+.—1+.3C.+ +.N
Th44. + + — +.—— 0+.3v4C.— +.N



Th45.
Th46.
Th47.
Th48.
Th49.
Th50.
Tha1.
Thd2.
Thh3.
Th4.
Thhb.
Thh6.
Ths7.
Th58.
Thh9.
Th60.
Th61.
Th62.
Th63.
Tho64.
Th65.
Th66.
Th67.
Th68.
Th69.
Th70.
Th71.
Th72.
Th73.
Th74.
Th75.
Th76.
Th77.
Th78.
Th79.
Th80.
Th81.
Th82.
Th83.
Th84.
Th85.
Th86.
Th87.
Th88.
Th8&9.
Th90.
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+———+.3v4C.——N
O+1+.—— + +.4C.+ +.N
0+++.—1+.4C.4+ —N
0++0.-114.4C.4+ —.N
14+1+.1-1+.13C.+ +.N.m
+ ————— 4 —.3v46Vv7C.— .S
00++.——11.46C.++.N
1111.——00.AC.++.S.*
1+++.-—0+.AC~ +.N

+ - +.AC—N
1111.1--0.1AC.+ +.S.*
1+++.1-— +.1AC.+ +.N
1111.—-0.2AC.+ +.S.*
++++.— +2AC++.N
1111.--10.3AC.+ +.S.*
++1+.--1+.3AC.+ +.N
1111.—— + 0.4AC.+ +.S8.*
++1+——+ +4AC.+ +.N
1111.1-10.13AC.+ +.S.*
1111.11- +.15AC.++.8.*
1111.1-——16AC.+ +.S.*
1111.1--1.17AC.+ +.S.*
1111.1—— +.18AC.+ +.S.*
1111.———-.26AC.+ +.8.*
1111.——-1.27AC.+ +.S.*
1111.——— +.28AC.+ +.S.*
1111.——1-36AC.+ +.S.*
1111.--11.37AC.+ +.S.*
1111.—— + 1.46AC.+ +.S.*
1111.1114+.135AC.+ +.S.*
1111.1-1-.136AC.+ +.S.*
1111.1-11.137AC.+ +.S.*
1111.1-1+.138AC.+ +.S.*
1000.-1+ +.3V49AC.——.N
1000.— + 1.3V469AC.— +.N
+ ——-.1111.9ABC.-——.N
1100.1100.CD.——m
+1-0.0100.3v4CD.——
0110.0110. 3v4CD.+ —
1110.1110.13CD.+ —m
+0-1.0001.3v46CD.— +
0011.0011.3v46CD.+ +
1011.1011.136CD.+ +
1111.1111.ACD.+ +.*
1111.1111.14

1111.1111.23
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Thol. 1111.1111.24

Th92. 1111.1111.34

Th93. 1111.1111.189AB

Tho4. 1111.1111.279AB

Th95. 1111.1111.289AB

B teopeme Th30 ycaosue 2V3 coorBercrByer yeaosuio o'(a) < [(a), B Teopemax
Tb44, Tb45, Ths0, Th78, Th79, Th82, Th83, Th85 u Th86 ycsioBue 3V4 coorBercrByeT
yenosuio o (a) > #'(a), a B Teopeme Th50 ycmosue 6V7 coorsercrsyer yenosuio o (b) <
B'(b). OkaspiBaercsi, 94To perenne Kpaepoii 3agaun (2)-(5) MoKeT yI0BIETBOPSATH Hepa-
BEHCTBAM

min{a’(a), #'(a)} < 2'(a) < max{a’(a), F'(a)}, (7)
min{c/(b), 3'(b)} < '(b) < max{c/(b), F'(b)}. (8)

Ecim yaoBierBopsitorcsi 00a HepaBeHCTBa, TO B Teopeme mnocJje ujaeHtudukaropa s U
CTOUT + —+, €CJIN yAOBJIETBOPSETCS HEPABEHCTBO (7), TO CTOUT + —, €CJIA Y/IOBJIETBOPAETCHA
HepaBeHcTBo (8), To cTout — +, ecan 06a HepaseHcTsa (7)-(8) MOTYT He yI0BIETBOPIATHCA,
To ctouT —— B teopemax Th01-Th38 rpanuunnie ycaous Hix = hy u Hox = hy MoryT
BBIPOK/IAThCs. By/ieM roBOpuTh, UTO IpaHudHOoe yciaoBue Hix = hy BBIPOXKIEHO, €C/IH
u3 ycJa0Buil TeopeMbl caenyer, uro Hya = Hq. Anajorudno rpasudtoe ycjaosue Hox =
ho BBIPpOXKJEHO, ecyin U3 yCJIOBUit Teopembl ciaenayer, uro Hoaw = Hyf3. Tak, B Teopeme
Tb09 oba rpaHUYHBIX YCJOBUS BBIPOZK/IEHBI. DTOMY COOTBETCTBYeT uiaeHTHdUKaTOp SS. B
teopeMe Th01 BEIpOKI€HO BTOpOE I'PAHIMIHOE YCJIOBHE. DTOMY COOTBETCTBYET M AeHTHMU-
kaTop NS. B reopeme Th02 HeT BbIpokKAeHUA. DTOMY COOTBeTCTBYET naeHTudguKaTop NN.
fcHo, uTo HAubOJILIINI UHTEPEC MPeJICTAB/ILAIOT TeopeMbl 0e3 BbIpOkK/ieHus. B Teopemax
Tb39-Th80 HeT cMmbIc/ia TOBOPUTH O BBIPOKJIEHHOCTU MEPBOrO rpaHuydHoro ycjaosus. [lo-
9TOMY UJIeHTH(UKATOP BHIPOZKIEHHOCTH OTHOCUTCS TOJBKO KO BTOPOMY TPAHUIHOMY YC-
jgoButo. Tak, s Teopembl Th50 BTOpoe rpanmdHoe ycjaoBue BBIPOXKIeHO. /[ Teopem
Tb81-Th95 mongaTue BHIPOKICHHOCTH He mMeeT cMmbicaa. B Teopemax Th52, Thb5, Th57,
Tb59, Th61, Th63-Th77 u Th88 dyukuus « siBjisiercst pemeHneM. 10T (PAKT OTMEYeH
*. J1sist HEKOTOPBIX TEOPEM CYIECTBYIOT MaKCUMAaJIbHOE U MUHUMAJHLHOE PENIeHUsT. DTOT
dakt ormeden m. Teopembr Th89-Th95 TpuBna/bLHO UCTUHHBI, TAK KAK UX YCJOBUS MIPO-
THBOPEYUBDI.

JLnsa 6a3oBoit Teopembl Thn yepes ThnC 6ymem o603HaUATH TEOPEMY, MOTY ALY FOCS
u3 Tbn mobanenunem ycaous C u 3amenoit H; wva —H,. Ecnin Teopema Thbn mokasana,
1O sicHo, 4To Teopema TbnC cupasepiuba. Anasoruauo depe3 ThnD Oyxem obo3znavars
TeopeMy, mojiyualoniyiocs u3 Thn gobasienuem yciaosus D u 3amenoit Hy na —Hy, yepes
TbnH 6ynem oboznavars Teopemy, mosydaromniyiocsad u3 Tbn, ectu Hy u Hy nmoMmeHATDH
Mectami, depe3 Thnt 6ymaem obo3HaUaTh TeopeMmy, Moy daornryocsa u3 Thn, ecau B ypas-
HEeHUU 3aMeHuTh ¢t Ha —t, depe3 Thnx Oygem obo3HAUATH Teopemy, MOJYUAIONIYIOCS U3
Thn, ecyiu B ypaBHEeHUE 3aMEHUTb T HA —T. DTU TEOPEMbI MOKA3BIBAIOT, KAKUME CHMMeE-
TPHUAME HOJIB30BAJINCH JJIs HAXOXKAeHus 1.

[Tycts cipaBeinBa

Teopema [d. Ing mobwix Hy € My, Hy € My, hy € [Hia, H1 5] u hy € [Hoa, Hy 5] u3
Hia < Hi8, Hya < Hy3 u yenouit U u E cieayer cylmecTBOBaHHE peIIeHHs KPaeBoii
3agaan (2)-(5).

Torma cupaBeJIUBLL CIEIYIOIIHE TEOPEMBI.
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Teopema [d3V. Jna mwobeix Hy € My, Hy € My u hy € [Hia, H, 3] maiinercsa hy €
[Hyor, Ho 3] Taxoe, uro w3z Hia < Hi(3, Hya < Hsf3, ycaosuniit U\{Hya = Hy3} u E
cJIeyeT CyIIecTBOBAHME peleHnst Kpaesoil 3agadn (2)-(5).

Teopema [d3V. dna awbeix Hy € My, Hy € My u hy € [Hoa, Hy3] maiinercsa hy €
[Hyor, HiB] Takoe, uto uz Hia < Hi(3, Hya < Hyf3, ycaosuii U\{Hia« = H\f} u E
cJIeJlyeT CyIIecTBOBAHUE DeleHns KpaeBoii 3amadn (2)-(5).

Teopema [d33. dna mobwix Hy € My u Hy € My wnaiinyrca hy € [Hia, Hi5] n
ho € [Hyar, Hyf3] Taxme, uro w3z Hiaw < Hy 3, Hoao < Hy 3, yenosuit U\{ Hio« = H1 3, Hyao =
Hy(B} w E crepyer cyuiecTBoBaHue peltennst Kpaepoii 3agadan (2)-(5).

HeiictBuresnbho, nyctsb ;(t) =t — H;oo npu t < Hya, @;(t) =0 mpu Hia <t < Hf u
wi(t) =t—H;fupu H;f < t,i=1,2. 3amensia Hy ua @o(Hy), MOIyIUM CIpaBeIUBOCTD
reopembt [dV3. Tlpu 3amene Hy na 1(Hp) momyuaem cnpasegnusoctb Teopembr [d3V.
Bamensst Hy na ¢1(Hy) n Hy na po( Hs), nomyuaem cnpasemBocTh Teopembl d33.

Bamernm, 9TO 1T KOHKPETHBIX v W (3 1O KpaiiHeil mepe aBa u3 ycjaoBuit 1-8 BbI-
[OJIHAIOTCS. DTO TOBOPUT 00 HX eCTeCTBEHHOCTH. YcaoBus A m B wacro BeTpedarorcs.
Hanpumep, npu JoKa3aTebCcTBe 6a30BbIX TEOPEeM OHH Oy 1yT HCI0Ib30BaThCd. IHTepecHo
OTMETHTB, 9TO JobaBaenne yciaosuii A u B K yenosuam 1-8 He gaet HoBbIX TeopeM. O 1HAKO
nobasenune ycaoBus 9 kK ycaosusim A u B mpuBoguT K HOBBIM Teopemam. Yciosue C
HY>KHO JIJIst IePUOJANYECKON 3a1a49u.

Jdoka3aTeabCcTBO 6a30BbIX TEOPEM

AHAnoOruvIHO TOMY, KakK 3TO JeJajoch B pabore [6], MOXKHO j0Ka3aTh Bce GAa30BbIE
TeopeMbl i KpaeBoii 3ajga4n (2)-(5) kpome Teopembl Th50. DTy METOAUKY JT0KA3ATEb-
CTBa MPOJEMOHCTPUPYEM Ha npumepe jiokasaresbecrsa reopem 1Tb01-Th09.

Teopema Tb01. 11— +.——00.——. Ins mobwix Hy € M(1,1,—,+), Hy € M(—,—,0,0,),
hi € [Hio, H1B] m hy € [Hya, Hy5) w3 Hiao < Hi3, Hoaw < Hy(3 w yenoBust E coiepyer
CyIIeCTBOBAHME pelleHus KpaeBoil 3agaun (2)-(5).

JoxkazaresibcTBO. OnpeneinM I0CIeI0BATeTbHOCTH O, Ok, k = 1,2, ... 0 HHIYKIIHH.
[Tycrs oy = o m B = (. Hepes y 0603nauuM perenue 3aa4uu lupuxiie

(o) = f(t,z,2), x(a) = (axla) + Bi(a))/2,

2(b) = (o (b) + Br(0))/2,  ar <@ < By

Ecmn Hyy < hy, To nomaraem agy1 = Yy u Pgr1 = Br. Ecom Hyy > hy,to monaraem
Qi1 = Q 1 [y = y. fdcHo, aro o — HUKHAS QYHKOUSA, [ — BepxHsIsa (QyHKIHUSI,
a=a <ay < ... < By < By =0 unHop <h < HS Us Hy > Hya u ycnosuii
MOHOTOHHOCTH it Hy monydaem HepapencrBa Hoov > Hoay > Hof, > HoB > Hsa.
CnenoBarensuo, Hoap = hy = HyfB. Ilpemenst ap — ag u fr — [y yIOBIETBOPSIOT
yeaosuam a < ap < By < B, ap(a) = Bola), an(b) = Bo(b), Hiag < hy < H1fy, Hyop =
ho = Hyfo, ag € S(I, R) wau [y € S(I, R). Ha ocHoBaHuN yCJIOBUiT MOHOTOHHOCTH JIJIsI
H, nmeem Hiog > H,fSy. CnepoBarensno, Hiog = hy = Hyfy. Takum obpasoMm, o win
Bo aBIgeTCS penrenneM Kpaesoil 3agadn (2)-(5).

Teopema Tb02. 1-—0.-10+.——. Jna mobbix H; € M(1,—,—,0), Hy € M(—,1,0,+),
hy € [Hia, Hi 3] u hy € [Hya, Hoff] w3 Hia < H13, Hya < Hy(3 m ycnosus E cnepyer
CYIIECTBOBAHME DeleHust Kpaesoil 3agaun (2)-(5).
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HokazarenscTBo. [IpenBapurtesbHo H0KaxkeM, 410 1t joboro B € [a(b), B(b)]
CYLIECTBYeT pellleHne KPaeBoil 3a1a4uu

(p(z) = f(t,2,2), Hiz=h, 2(b)=B, a<z<p (9)
IlycTh o, 1 B, — pemenus sa1a4q Iupuxie
(p(a))) = [t dl), aula)=ala), a(b)=B, a<a <p,
(p(B)) = f(t,8.,8.), Bula)=PB(a), B.(b)=B, a. <pB.<pB.

Torma a < a, < [, < [ 1 U3 ycja0BHii MOHOTOHHOCTH I Hp mosydaeM HepaBeHCTBa
Hio, < Hia < hy < Hif < Hif,. U3 Teopembr ThO1 creayer cymecTBOBaHIe PeIIeHUS
Z KpaesBoil 3a1a4u

(p()) = f(t.2,2), Hiz=h, o.<z<f.

dcuo, uro z(b) = Bu a < z < 5. CiieoBaTesibHO, Z SBJIsIETCS PellleHneM KpaeBoil 3a1a49u
(9).

Onpegenum 1mocjie10BaTeIbHOCTH g, B, k = 1,2, ... 10 upaykuuu. [lycrs o = a u
(1 = 3. VI3 npeapiayinero cjieayer CyIeCTBOBAHNE PEIIeHNs i KPAaeBoil 3a1a49n

(o) = ft,y,y), Hiy=hi, yb) = (ar)+Gx(b)/2, <y < i

Ecnmu Hoy < ho, TO monaraeMm ayi1 = y 4 Ogy1 = (k. Ecmu Hoy > ho, TO momaraem
Qg1 = Q 1 (g1 = y. fdcuo, aro o — HuKHAS GyHKUUSA, [F; — BepxHssa (QyHKIUS,
a=o < a < ... < By < B =B n Hyy < hy < Hofy. Ipegenst ap, — g n
By — Bo yaoBaetsopsmor yerosm a < ag < fo < 8, ao(b) = Ho(b), Haog < hy < Haf,
ag € S(I,R) N Hiap = hy wimn By € S(I,R) N Hify = hy. Ha ocHoBanuu ycaoBuit
MOHOTOHHOCTH Jisd Hy umeem Hoog > Hy[3y. CrnenoBarensno, Hoocg = hy = Hyf3y. Takum
00pa3oM, o w3y sBJIAeTCs pelenneM Kpaesoit 3agaun (2)-(5).

Teopema Tb03. 11— +.1-—— 0.1.+ — JIaa mobwx Hy € M(1,1,—,+), Hy € M(1, —,
—,O), hl € [Hla, Hlﬂ] n hg € [HQQ,HQ/B] n3 Hloz S Hlﬁ, HQOZ S Hgﬁ, yC.HOBI/If/i lu F
CJIeJIyeT CyIIecTBOBaHUe peleHust Kpaesoil 3agaqu (2)-(5), y/I0BIeTBOPAIOIIETO YCIOBHIO
(7).

HoxkazarenbcTBo. U3 Teopembl ThO1 ciejyer cyniecrBoBanue pelleHusi T KpaeBoil
3a1a91

(p(x")) = f(t,z,2"), Hix=h;, a<z<}f.

dcuo, aro o/(a) < 2'(a) < F'(a), a u3 ycnaouit MonoToHHOCTH Jisi Hy mostyvaem Hepa-
BencTBa Hoaw > Hox > Hof3. Cnenosarennno, Hox = ho. Takum obpasoM, T gBISeTCS
pemerneM kpaeoit 3ajga4u (2)-(5) u ymosiersopsier yciaosuio (7).

Teopema Tb04. —1- +.———0.2.4+ —. s sobbix Hy € M(—,1,—,+), Hy € M(—, —,
—,O), hl S [Hlaf, Hlﬂ] n hg € [HzOz,Hgﬁ] u3 Hla S Hlﬁ, HQOZ S Hgﬁ, yC.HOBI/Iﬁ 2u F
CJIeJIyeT CyIIecTBOBaHNUe peleHusi Kpaesoil 3agaqu (2)-(5), yI0BIeTBOPAIOIIETO yCIOBHIO
(7).

JoxkazaresibcTBO. Onpejie/inM H0C/Ie0BATeJIbHOCTH O, O, kK = 1,2, ... 10 UHYKIUH.
[Tycts o = a m By = B. U3 Teopemsbr Th02 CIV. 1++40.-10+.C cieayer cymuiecTBoBaHue
pemennda y KpaeBoil 3aaumn

(") = f(t,y, ), apla) <Y (a) < Gi(a),
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y(b) = (ax(b) + Br(D)/2, ar <y < B

Ecain Hyy < hy, 1o monaraem a1 = y u Bgy1 = Ox. Ecim Hyy > hy, 1o mojaraem
Qg1 = Q 1 [y = y. fdcuo, aro o — HuKHAS QYHKOUA, [ — BepxHsisa (QyHKIHUSI,
a—ay<ay <. < B < B = B ala) = al(a) < ahla) < ... < Bia) < Bi(a) = Ala)
un Hiay, < hy < Hyfg. U3 Hy > Hoao m ycnmoBuit MoHOTOHHOCTH It Hy momydaem
mepasencrsa Hoo > Hooy > HyfB, > Hy( > Hsa. Cnenoarenbno, Hoay = hy =
Hs (. Tlpepennt ap — oo u OB — [y yAoBJIeTBOPLAOT ycjaoBusM o« < «ag < (g < (3,
o/(a) < agla) < fyla) < B'(a), ao(b) = Bo(b), Hiaw < hy < HyiBy, Haag = hy = Hyf3,
ag € S(I,R) wmmn By € S(I,R). Ha ocnoBanum yciaoBuit MoHOTOHHOCTH it Hi mveem
H,ay > H,3y. CnenoBarensuo, Hiag = hy = Hq 3. Takum obpaszom, ag min [y SABIseTCs
pereHreM Kpaesoii 3agaqn (2)-(5) u yaosaersopsier yciaosuio (7).

Teopema Tb05. —11+.——10.3.+ — Ins mobwix Hy € M(—,1,1,+), Hy € M(—, —,
1,0), hl € [HlOJ,Hlﬁ] n h2 S [HgOé,Hgﬁ] nu3 HlOé S Hlﬁ, HQOé S HQﬁ, yCHOBI/If/'I 3uk
cJIeflyeT CyIIecTBOBaHUe perieHusi Kpaepoil 3agaqn (2)-(5), y/I0BIeTBOPSIONIErO yCIOBHIO
(7).

JoxkazaresibcTBO. OnpeneinM IOCIeI0BATETbHOCTH O, Ok, k = 1,2, ... IO HHIYKIIHH.
[Tycth oy = o m By = (. 13 Teopembr Th02 crenyer cymecTBoBaHue pelieHus iy KpaeBoii
3a1a91

(@) =ftyy), —y(a)=—=d(a), y(b)=(ar(b)+G(b)/2, ar <y <[

Ecamn Hyy < hy, 1o monaraem a1 = y u g1 = Ox. Ecim Hyy > hy, 1o monaraem
Qg1 = Qg 1 i1 = y. dcHo, ar0 o — HUKHSS QYHKIUSA, [F; — BepXHSAs (DYHKIUAST, ¢ =
ay <ay << By < B =0, ap(a) = Bi(a) = o' (a) m Hioy, < hy < HiBy. Uz Hy8 > Haa
1 yCJI0BHIT MOHOTOHHOCTH 1718 Hy monydaem nHepaBencTsa Hoao > Hooy, > HofB, > HoB >
Hsa. Crnenosarensno, Hoay, = hy = Hs (. Ilpenenst ay — ag 1 Bx — [y YIOBIETBOPSIOT
yeaosuam a < ag < fy < B, ap(a) = Gy(a) = o'(a), ao(b) = Bo(b), Hicw < hy < Hify,
Hoog = hy = Ho By, ap € S(I, R) nau By € S(I, R). Ha ocHoBanuu ycioBuii MOHOTOHHOCTH
miss Hy mmeem Hiog > Hy(y. CnenoBarensno, Hiag = hy = Hy(3y. Takum obpasom, ag
win [y ABJsieTcs pelnenneM Kpaesoil 3amaun (2)-(5) u yaorerBopser ycaosuio (7).

Teopema Tb06. —11+.—— +0.4.+ — JIns mwobbix Hy € M(—,1,1,+), Hy € M(—, —,
+,0), h, € [HlOé,Hlﬁ] u hy € [HzOé,Hgﬂ] n3 Hia < Hlﬁ, Hya < Hgﬁ, yCJ10BAM 4k
cJIeflyeT CyIIecTBOBaHUe perieHusi Kpaeoil 3agaqu (2)-(5), yI0BIeTBOPSIONIETO yCIOBHIO
(7).

JoxkazaresibcTBO. OIpee/inM IOCIeI0BATeTbHOCTH O, Ok, k = 1,2, ... 10 HHYKIIHH.
[Tycts oy = o m By = (5. 13 Teopembr Th02 crenyer cymecTBoBaHue pelieHus iy KpaeBoii
32491

() = ft,y,y),
—y'(a) = —(ag(a) + Bi(a)/2,  y(b) = (cw(D) + Br(b))/2, ar <y < By

Ecnmn Hyy < hy, To monaraem a1 = y 4 OBgy1 = k. Ecim Hyy > hy, To momaraem
Qi1 = Q T Ogy1 = y. ZdcHo, 9T0 (fp — HMKHAS QYHKIUA, [F; — BepxXHssa (DyHKIHSI,
a=o <a <. <G < B =0, 0(a) = Bi(a) < Bla) < ... < ay(a) < ) = a'(a)
u Hiap < hy < H{B. U3 Hy3 > Hoa m yciioBuit MOHOTOHHOCTH JJisi Ho mosrydaem
nepasencrBa Hoaw > Hooyp > HyfBp > Hy(B > Hsa. CrnemoBarenbno, Hoay = hy =
Hs0. Ilpemenst o — ap u B — [y YAOBJIETBOPAIOT YCJOBHAM & < g < [y < [3,
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B'(a) < Byla) = apla) < a(a), a(b) = Bo(b), Hiag < hy < HifBy, Hacg = hy = Haf3,
ap € S(I,R) wm [y € S(I,R). Ha ocnoBauuu yciaoBuit MOHOTOHHOCTH it Hy umeem
H,ay > H,3y. Cnepoarenvuo, Hiag = hy = Hyfy. Takum obpazom, ag nian [y sBIsiercs
perenueM Kpaesoii 3agaqan (2)-(5) u ymosaersopser yciaosuio (7).

Teopema Tb07. —1++.——-10.4.+ — Jlns nwobbix Hy € M(—,1,4+,+), Hy € M(—, —,
1,0), hy € [Hia, H13] u hy € [Hoa, Hy5] w3 Hiao < H13, Hya < Hy[3, yenosnii 4 u E
cJle[yer CyIIeCTBOBaHUE DelreHust Kpaesoil 3aga4au (2)-(5), y10BIeTBOPIOIErO yCI0BUIO
(7).

HoxkazarenscTBo. [IpenBapurenbro gokazxem, 4rto mis jawoboro A € [ (a),d/(a)]
CYIIECTBYET peIIeHne KPaeBoii 3a1adu

() = f(t,2,2), Hiz=h, —2(a)=-4, a<z<§. (10)
[Iycth o, 1 B, — OIS KPACBHIX 3a1a%
(p(al)) = f(t, o, ), —di(a) = —A", a(b)=ald), a<a <P
(p(B) = ft.B:, B), —Bila) =—-A" B.(b) =), o <pB <P,

cyliecTBOBaHHe KOTOpbIX ciaeayer u3 teopembl Tb02. Torma @ < a, < [, < [ u us
yCJI0BHiT MOHOTOHHOCTH i Hp monydaem HepaBencrBa Hia, < Hia < hy < Hif <
H,p3,. 13 teopembr Th05 craemyer cyiecTBOBaHUe pelteHus 2 KpaeBoii 3a1a4n

(@('Z’»/ = f(t, 2 Z/)a Hyz =y, —Z/(CL) = _Ala a, <z < B

dcno, uro a < z < . CrreroBaresibHO, 2 sBJsIeTCs pereHrneM Kpaesoii 3agaun (10).
OrmpeieinM MOC/I€10BATEILHOCTH O, Pr, k = 1,2, ... mo unaykmuun. [lycte oy = a u
(1 = (. VI3 npeaplLyniero ciaeayer CylnecTBOBaHUE pelleHus Y KpaeBoii 3aja4u

() = ft,y,y),

Hy=h, —y(@) = —(}(a) + B@)/2 ax<y<f
Ecan Hyy < ho, To monaraem a1 = y u ki1 = k. Ecim Hoy > ho, TO mosaraem
Qi1 = Qi U [y = y. dcno, uro oy — amknga Gyakuusd, [, — BepxXHdaa (HYHKIN,
a=a <oy < .. <G < B =0, 0a)=p(a) <B4a) <..<aj(a) <aj(a) =d(a) n
Hyap < hy < Hof. Ilpenenst o — ag u By — [o YAOBIETBOPSIOT YCIOBHAM @ < g <
Bo < B, B'(a) < Byla) = apla) < o(a), Hyag < hy < HyBy, ag € S(I, R) A Hiag = by
wim By € S(I,R) N Hify = hy. Ha ocHoBanuu ycjioBuii MOHOTOHHOCTH st Hy umeem
Hyag > HyBy. Cnenoarennno, Hocg = hy = Hy [y, Takum obpazom, ag nian [y sSBIsIeTCs
perenneM Kpaesoii 3aga4n (2)-(5) u ymosaersopsier ycaosuio (7).

Teopema Tb08. 111+.1-10.13.+ — g mobeix H; € M(1,1,1,+), Hy € M(1,—,
1,0), hl S [HlOé,Hlﬂ] n hg S [HQO[,HQﬁ] u3 HlOé S Hlﬁ, HQO{ S Hzﬂ, yCJ’[OBHfI 1, 3uk
cJieflyeT CyIIecTBOBaHUe pelieHusi Kpaeoil 3agaqu (2)-(5), y/I0BIeTBOPSIONIErO yCIOBHIO
(7).

HoxkazarenbctBo. [lo Teopeme Th03 cymiecTByer pelmenune x KpaeBoil 3a1a4u

(Qp(x/»/ = f(t,a:,x'), Hl(x(a),yc(b),o/(a),:c’(b)) = hla
Hy(z(a),xz(b),d/(a),2'(b)) = hyy, a<x<f.
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dcuo, uro o(a) = 2'(a) = ['(a), Hix = hy u Hyx = hy. Takum o6pa3oM, & gBIAETCsI
pemerneM kpaeoit 3aga4u (2)-(5)u yaosiaersopsier yciaouio (7).

Teopema Tb09. 11- +.11- +.15.++. das mobeix Hy, Hy € M(1,1,—,+), hy €
[Hyo, H1f] u hy € [Hya, Hof3] u3 ycnouit 1, 5 uw E cienyer CyliecTBOBaHUe DeIEHHs
KpaeBoit 3amaun (2)-(5), yaoBrerBopsiomniero ycaosuio (7)-(8).

okazarenbcTBOo. [lycTh & — pemenne KpaeBoil 3a/1a49n

(‘P(J;/», = f(t,I,JI/), CL‘(CL) = a(a)7 l‘(b) = Oé(b), a<zr< ﬁa

Koropoe cymecrsyer 1o Teopeme Th02. flcho, uro o (a) < 2'(a) < f'(a) n 5'(b) < 2/(b) <
o/(b). Ha ocnoBanuu yciaosuii monorounocru jyst Hy u Hy nmeem Hiao > Hix > Hif n
Hya > Hyx > Hy (3. CnenoBarensno, Hix = hy u Hyx = hy. Takum obpasoM, T sBIsgeTCS
perenueM Kpaesoii 3agaqan (2)-(5) u ymposaersopsier ycaoBusm (7)-(8).

CymeCTBOBaHI/Ie MAaKCHUMAJIBbHOI'O peleHnnd

Teopema 1. /Iy reopem Thb02-Th03, Th08-Th09, Th12, Th20, Th23-Th24, Th26-
Th27, Th34-Th36, Th42, Th49, Th81 u Th84 cymecTByioT MaKCHMaJIbLHOE U MUHEMAJIHLHOE
pelleHns.

JoxkazaresbcTBO. [IpoBegem mokasarenbcrBo s TeopeMbl Th02. Ilycrs S — mmo-
JKecTBO pemenuit kpaesoit 3aaaun (2)-(5), z,y € S u s = max{z,y}. Torga jausa naunoro
BBIIIIE OTIpe/ie/IeHnst HuzKHel pyHKinn s — auzkusas Qyakius. [Tokaxem, aro His < hy u
Hys < hy. Iycers x(a) > y(a) n x(b) < y(b). Torna hy = Hyx > Hy(z(a),y(b),2'(a),z'(b))
= Hys, hy = Hoy > Hs(z(a),y(b),vy'(a),y’ (b)) = Has. Ocraibible caydan paccMaTpH-
BaroTcsa anajorndno. CieoBaTebHO, CYNIECTBYeT pelenue z € S, yIOBIETBOPAIOIIEe
HepaBeHCTBY 2z > §. Ecim S cocrouT n3 KOHEYHOIO 4YUC/Ia PEIIeHuil, TO CylecTBOBaHME
MaKCHMAJILHOTO perteHusi oueBuHO. [lycts MmuOZKecTBO S OGeckonedHo, r;, ¢ = 1,2,... —
panuoHasibHble TOUKM uHTEepBasa [ u x; € S, i = 1,2, ... rakue, aro x;(r;) = max{z(r;) :
x € S}. Onpenesum MOCTEIOBATEBHOCTD 2;, © = 1,2, ... CHeIYIOIAM 00pa3soM: 23 =
r1 |z € 8,1 = 2,3,... yIOBIETBOPSIOT HEPABEHCTBAM z; > max{z;_1,%;}. fcHo, 4TO
lim; .z = 2 € Suz=max{x : z € S}. CymecrBoBanue MUHAMAJILHOTO DPEIIEHHs
JIOKa3bIBAETCS aHAJOTUYHO. JoKa3aTeIbcTBO CYIECTBOBAHUSI MAKCUMAJbLHOIO PelleHus
JIUIst OCTAJIBHBIX TEOPEM aHAJTOTUIHO.

Samevanne 1. /I71s1 OCTAJIBHBIX TEOPEM MOZKHO IMOCTPOUTH IIPUMEPBI, KOTOPbIE JTOKa-

3BIBAIOT OTCYTCTBUE MAaKCHMAJIbHOIO peienus. Tax, ama Teopembl Th01 mpumep a = —1,
bzl,x”:(),a:—ﬁ:—l,

Hyx = (| 2(b) — a(b) | +2(b) — a(b))(| 2'(a) = 1 | =2(a) +1) = 0

n H2 = 0 MMOKa3bIBaET OTCYTCTBUE MaKCHMAJILHOT'O PEIIEeHUA. STOT Ke IIpuMep roguTcd
g reopeM 1Tb05, Th25, Th31 u Th37.

3ameuanme 2. [Ipocreiiiue npumMepsl MoKa3bpBaOT, 9To 0 Teopem Thl12, Th23,
Tb42 u Th49 myst MaKCHMATBHOTO perieHns ycaoBue (8) He 00S3aHO BHIMOTHATHCS.
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