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3ajgada /Iupuxie Jjisg ypaBHEHUs TPEThero Mmopsaka
A 4. Jlenun

Anwvoranusg. /Inga muddepennuaabHOr0 ypaBHEHUsS] TPETHEro MOPSIKA UCCTIETYeTCsI
CTPYKTYpPa MHOXKeCTBa penienuit 3aga4uu Iupuxiie.

VIIK 517.927

Paccmorpum ypaBaenune
x/// — f(t,iL‘, x/7x/l>, (1)
rie f @ [0,1] x R* — R ynosiersopser yciaosuam Kapareogopu. @uxcupyem «, 3 €
AC?([0,1], R) Taxue, uto o < 3. Jlna a € [0,1) u b € (a,1] o6oznauum uepes S(a,b)
MHOKEeCTBO perienuii © : [a,b] — R ypasuenus (1), yI0B/JI€TBOPSIIONUX HEPABEHCTBAM
a(t) < z(t) < B(t), t € [a, b],
Se(a,b) ={x € S(a,b) : (3o € [a,b])(x(0) = alo) N2'(c) = ' (0))},

Sp(a,b) = {z € S(a,b) : (37 € [a,0])(x(7) = B(7) N2 (7) = 5'(7))},
s A € [a(a), B(a)]u B € [a(b), 5(b)] oboznaunm wepes D(a, b, A, B) MHOKeCTBO pemmenuii
zagadn upuxiie
" = f(t,x, 22", wx(a)=A, z(b)=B, at)<zt)<3(t), tEelal]

st U € R obosnaunm uepes S(a, A, U) muo)kecTBO pemennii z : [a,b,] — R, b, € (a, 1]
331241

2" = f(t,x, 2, 2"), x(a)=A, 2'(a)=U, «aft)<z(t)<p{), tEela, bl

a S(b, B,U) oupejesnsiercs aHaJOIMYHO.

Jlasiee IOHAOOATCS CIIEIYIONIHE YCIOBUS.

1. g mo6eix a € [0,1) u b € (a, 1] naiinerca M € (0,00) Takoe, 910 JJis JTEOOOTO
pewenust T : (a,b) — R ypasuenns (1) uz a(t) < z(t) < B(t), t € (a,b) creayer | 2"(t) |<
M, te(a,b).

2. lns mobwix a € [0,1), b € (a,1] uw A, B, Ay, B € R pemenne x : [a,b] — R mo6oii
13 KPaeBbIX 3324

o = ft, 2" 2"), x(a) = A, 2(a)=A, x(b) =B,
2" — f(t,x,:x’,:v"), m(a) = A, :L‘(b) = B, x/(b) = DBy,

JTezKaNee MeKIy v u (3, e TMHCTBEHHO.
3. g mobbix a € [0,1) u b € (a,1] Sa(a,b) N Sz(a,b) = @.
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[Hesns paboThl — JOKa3aTh TEOPEMY.

Teopema 1. Eciu Boimosastiorest yeaosus 1-3, to jyist moosix A € [a(0),5(0)] u
B € [a(1), 5(1)] muoxkecTBO pemenuii 3aaaun Jupuxie D(0,1, A, B) umeer MuHEMAIbHOE
pemenue yYap € 9,(0,1) n makcumanbnoe pemenne z4p € Sg(0,1), ayist KOTOPBIX CII-
paBesuBo HepaBeHCTBO Yap(t) < zap(t), t € (0,1). Pemenus yap U zap HEIPEPHIBHO
sapucar ot (A, B). dns moboro U € [y, 5(0), 24 5(0)] cymecrByer equHcTBeHHOE perenne
sapu € D(0,1, A, B) Takoe, uto §'45,(0) = U. Pemenne sspy HENPEPBIBHO 3aBHCHT OT
(A, B,U) n psa moboro V € (U, 2,5(0)] cnpasemmuso nepasencrso sapy(t) < sapv(t),

€ (0,1).

13 Teopembl 1 HenocpeacTBerHo cieayer Teopema 2 (em.[1]-[3]).

Teopema 2. Ecinu Boinossitorcs yesaous 1-3, Hy, Hy, H3 € C(S(0,1),R) u g
aroboro x € S(0,1) cupaBeTuBbl yCIOBUST

z(0) = «a(0) = Hyz <0, =z(0)=p(0)= Hiz >0,

2(1) =a(l) = Har <0, (1) = B(1) = Hyx >0,

z € S,(0,1) = Hzz <0, € S5(0,1) = Hzz >0,
TO KpaeBasd 3a/ia4va

2 — f(t,x, JI/,J?//), Hiz = O’ Hex = 0, Hgl’ = 0, a<z< 6

MMEeT PelleHue.

Ananornunas 3aza4a nsydaiach B [1|-|3] B npeanomoxkenun, aro o m 3 — pemnrenust
ypastenus (1). CymecTBoBanne n3 e IMHCTBEHHOCTH MOAPOOHO M3YUYaI0Ch JJIs yPABHEHH s
Broporo mopsiaka (cMm.[4]). ExuHCTBEHHOCTH KpaeBbIX 3ajad UCHOJIb3YeTCsl W MPH HC-
CJIIOBAHUH PA3PENIUMOCTH KPAeBbIX 3a/1ad JJisl YPaBHEHUs TpeThero mopsaka (cm.[5]).
Bamerum, 94T0 Teopema 1 ¢ TOYKH 3PEHHs] BEPXHUX M HUKHUX (DYHKIHH HECKOJbKO He-
O2KHnJaHHa, TaK KaK Ha & 1 ﬁ HE HaKJIaJAbIBAalOTCd YCJIOBUA BUIA

a”(t) 2 f(t a(t),d (t),a"(t), B"(t) < f(t,5(), 5 (1), B"(t)).

Jlemma 1 (cm.[2]-[3]). Ecain Beinosnsitores yeaosust 1-2, 1o gus mobbix a € [0, 1),
be(al], A€ lafa),B(a)], B [()ﬁ(b)]ﬂy,zeD(abAB)I/I3y<2CJIe;[yeTqTo
st moboro U € [y (a), 2'(a)] cymecTByeT eIMHCTBEHHOE pellleHne Sy KpaeBoii 3a1a4u

"= ft,x, 2 2"), wx(a)=A, 2'(a)=U, z(b)=B, y<uz<z.

Pemenne sy nenpepsipro 3asucut ot U. Ecin V' € (U, 2/(a)], To cipaBejyinBo HepaBeHCTBO
su(t) < sv(t), t € (a,b).

JIlemma 2. Ecnu Beinosnsiorces yceaosus 1-3, to jist mwoobix a € [0,1), b € (a, 1],

€ (a,b), A € [a(a), B(a)], B € [a(b),5(b)] n C € [a(c), B(c)] xpaeBas 3amaqa
"= f(t,x, 2 2"), wla)=A, z(c)=C, z(b)=B, a<z<p (2)

umMeer He DOJiee OJIHONO PEIeHUSI.
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HokazareanscTBo. [lycth y,z : [a,b] — R — pemenus kpaeBoit 3agaun (2) u y # z.
Be3 orpanuuenusi o0mHOCTH MOXKHO cuntarh, 4t0 Y(t) < 2(t), t € (a,c) n y(t) # z2(t),
t € (¢,b). Uz yenoBus 2 caenyer, uro y'(a) < 2'(a), y'(c) > 2'(c) u y'(b) < 2/(b). dcHo, uto
y(t) > z(t), t € (¢,b). Ecu C' = a(c) i C = [(c), 1o ¥ (¢) = 2/(¢), uro nporuBopednt
uepasencTBy y'(c) > 2’'(¢). Cnenosaresnbho, a(c) < C < f((c). Ecan naiinercs o € (c, b
rakoe, uto z(t) > «(t), t € (¢,0), z(o0) = a(o) u 2/(0) = (o), T0 U3 ycaoBusa 3
caenyer, uro z(t) < ((t), t € (a,b), a eciiu z(a) = B(a), ro 2'(a) < ['(a). Boibepem
2 € S(a, z(a), 2/ (a)) rak, urobel z(0) < z.(0) < y(o) n z.(t) < B(t), t € (a,0). Bamensia
2 Ha Zy, TPUXOMM K €JMHCTBEHHOCTH aHAJIOTMIHON 3a1a4n, HO Oe3 Kacanus z, ¢ a u (. Be3
OrpaHHYeHHs OOIHOCTH Oy/IeM CUHTATh, 9TO o 1 3 He Kacaorca y u z. Obo3HAUNM depe3
Uy muOKecTBO pemennii € S(a,y(a),y’'(a)) Takux, 9T0 CYMECTBYIOT ¢4, b, € [, b] Taxue,
aro ¢ < by, a(t) < z(t) < y(t), t € [a, by, z(t) < 2(t), t € (a,c), x(c) = 2(cs), x(t) >
2(t), t € (cy,by) m x(by) = 2(b:), uepe3 Vy muoxkecrBo pemennit x € S(a, z(a), 2 (a))
TAKWX, 9TO CYMIECTBYIOT C;, b, € [c,b] Takme, a0 ¢, < by, 2(t) < z(t) < [(t), t € [a,b.],
z(t) > y(t), t € (a,¢,), x(cz) = y(cz), (t) < y(t), t € (¢u,br) u 2(by) = y(bs), uepes ug —
MuHEMaIbHOe pemtenne u3 Uy, a depe3 vy — MaKCHMa/IbHOE pernenune u3 Vp. 113 yciouii
1-2 cremyer cymiecTBOBaHUE Uy, Vg U ug € Uy, vg € Vo, a U3 IKCTpeMATbHOCTH Uy U Vg
CJIeJlyeT CyILIecTBOBaHue 0 € [a, ¢y | u T € [a, ¢, ] Takux, uro up(o) = a(o), uj(o) = /(o)
u v(7) = B(7), vy(1) = ['(7). THokaxewm, uro naiigercsa dy € (a, min{b,,,b,,}) Taxoe,
1o ug(dy) = vo(dp). JeiicTBUTEIHHO, B IPOTHBHOM CJIydae /i MUHUMAJIBHOTO JIeMEHTa
MHOXKecTBa © € Vj Takux, uto x(t) > ug(t), t € (¢, min{b,, b, }) momyuaem nporuBopeune
¢ yenosueM 2. [Io memme 1, cymecTByeT pemreHne KpaeBoii 3a1a4n

" = f(t,x, 2, 2"), xz(a)=A, 2'(a)=2""(y(a)+ (a)), x(c)=C.

[IpomoskuM ero 3a TOYKY ¢ JI0 nepecedeHus ¢ Yy wiam 2 u obo3nadum veped z. Eciwu

T TiepecekaeTcst C Y, TO Yy, = Y WM 21 = x. B mporuBHOM ciydae y; = T M 2z = 2.
AHAJIOTUIHO MPEebIAYIIEeMY HAXOMUM U1 M Uy JJIsd Yy U 2] — AHAJOTHIHO Uy M Vg JJIsd
y u z. [Ipomonzkas, moJyduM MOCTeI0BaTeIbHOCTH U;, v;, ¢ = 0,1,.... Beibepem u3 wu;

M v; CXOJSIIHECs] TIO/IIOCTeI0BATETLHOCTH, TPEIEIBl KOTOPBIX 0003HAYNM 4epe3 U H v.
Pemenust u n v 0bmagaor ciaepyomumu ceoiicrsamu: u(a) = v(a), u'(a) = v'(a), naiigerca
d € [c,b] rakoe, uro u(d) = v(d) n Ha unTepBasne (a,d) penieHME U KACAETCA (X U HE
Kacaercs [, a peleHne v Kacaercs [ 1 He Kacaercs . Ho 970 IpOTHBOpEYHT yCIOBHIO 2.

Sameuanue 1. Ecin penenusi y u z KpaeBoit 3aa4u (2) He Kacaorest o 1 3, 1O Jist
JIOKa3aTe/IbCTBA TOTO, 9TO Y = 2, JIOCTATOYHO yCJa0BUii 1-2.

JIemma 3. Ecoin Boinosasitorest yeiosus 1-3, to auist moboro A € [a(0), 5(0)] naiigercs
z € 5(0,1) rakoe, uro z(0) = A.

HokazarenscTBo. Paccmorpum cayuaii, korga A € («(0), £(0)). TIpeanonozxum, 4o
u3s r € S cueayer x(0) # A. Tlyers u € R u S; — MHOXKecTBO, cocrosiiee u3 x : [0, b,] —
R e S(0,A,u), b, € (0,1), nuga koropeix «at) < z(t) < (t), t € (0,b;) u x(by) = a(by),
a Sy — MHOXKeCTBO, coctosmee u3 x : [0,b,] — R € S(0,A,u), b, € (0,1), 11 KOTOpbIxX
a(t) <z(t) < B(t), t € (0,b,) ux(b,) = B(b,). Ob03HauNM yepes sy : [0,b1] — R BepxHIO©0
rpanb pemennii u3 Sy, a wepes Sy : [0,bs] — R — HMKHIOIO rpaHb JjIs pemenunii u3 Ss.
dcuo, uro s1(by) = a(by) u sa(be) = [(bs). Pacemorpum ciyuait, korga by < by. Ecin
So(b1) > s1(by1), To g pemenus u3z S(0, A, u), NIPOXOAAIIEr0 Yepe3 TOUKY, JIEZKAILYIO
Mexy s1(b1) u so(by) npu t = by, nomyuaem nporuBopedne. CienoBaTesbHo, u so(t) =
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81<t), t e [O,bl], by < by m SIQ(b1> = Oé/(bl). O603HAYUM Sy, = So, Qy = by u b, = by.
Cayuaii, korga by > by, paccMarpuBaercss aHaJOrudHo. [Ipu 3TOM HoJydaercs pelreHue
spu € S(0,A,u), a, € (0,1) u b, € (ay,1) raxue, aro sg,(a,) = B(au), sp,(au) = '(au)
1 Sgy(by) = a(by,). Ecim v > U U Spy U Sgy CYHNIECTBYIOT, TO W3 JIEMMbI 2 CJIEJLyeT, 4TO
ay < Gy, & €CITH CYMIECTBYIOT Sy, U Sgy, TO U3 JIEMMBI 2 CJIEJYET, UTO Gy, > a,,. VI3 ycioBus
1 cremyet, ato maiigerca M > 0 taxkoe, uro npu u > M cyImecTByer Sg,, a upu u < —M
CYIIECTBYET Soy. [IyCTh U — HUZKHSISI TDAHb U, JJIsi KOTOPBIX CYIIECTBYET Sg,. V3 yciaoBus
1 caenyer, 9TO JJ1s1 U CYIIECTBYIOT Sqy M Sgy, YTO IPOTUBOPEYUT yCJIOBUAM 2-3.

Pacemorpum cayuaait, korga A = «(0). [Mycrs z; € S w 2;(0) — «(0). U3 ycaosust 1
CJIe/lyeT CYIIeCTBOBAHUE CXOJAIIEHCs MO/IIOCTe0BATEIbHOCTH L;, — ¥. flcHO, 9TO X —
nckomoe pemrerne. Cy4aii, korga A = 5(0), paccMaTpuBaeTcsi aHATIOTUIHO.

Jlemma 4. Eciu Boeimonasitorest yejaosust 1-3 u s € S He Kacaercst «, TO Haiijgercs
y € S rakoe, uro y < s u Y (0) < §'(0), a eciin s He Kacaercs (3, To Halijercs z € S Takoe,
gro z > s u 2'(0) > §(0).

HoxkazarensctBo. llycth u; € R, 1 = 1,2,... — MOHOTOHHO BO3pacTalolas IOoC/Ie-
nosarebHocTh n u; — §'(0). Ecam s(0) = «(0), To mycrs u; > o/(0). O6o3naunm
aepes S; muoxectso Tex x € S(0,5(0),u;), ana koropeix maiinerca 7 € (0,1] Takoe,
aro z(7) = s(7), a yepe3 y; 0003HAUMM MUHUMAJILHBIH dement u3 S;. U3 ycioBus 1
cieayer Hemycrora S; u cymecrBoBanue ;. Ecau y;(1) = s(1), To emma jgokasana. Pac-
cMOTpHM cJaydaii, Korma Jist Beex ¢ = 1,2, ... yeaosue y;(1) = s(1) He BBIDOJTHSIETCS.
Torpa naiiayres c;,b; € (0,1) rakue, uro ¢; < by, y;(t) > a(t), t € (0,¢), vi(c;) = a(e),
yi(t) < s(t), t € (0,b;) m y:(b;) = s(b;). Bamerum, uro u3 geMmbl 2 caeayer ¢; < Ciyi.
Ecmm ¢; — ¢ < 1, To BeIOEpeM CXOAAMLYIOCH MOAIOCTIEI0BATEIBHOCTD ¥;, — Y. ZlcHO, 9TO
y'(0) = §'(0), y(c) = alc) < s(c) u naiigercs b € (¢, 1] rakoe, uro y(b) = s(b). Ho 310
IPOTUBOPEYUT ycaoBuio 2. PaccMorpum ciydail, Korja ¢; — 1. DTO BO3MOXKHO TOJIBKO
npu y(1) = «(1). Beibepem cXomdmiyocsi TOANOCTEI0BATENbHOCTD ;, — Y. fcHO, 91O
y'(0) = $'(0), y(1) = s(1) m ¢'(1) = &/(1). Ho 310 nporusopedur ycjaoBuio 2.

AHAIOrUIHO TOKA3BIBAETCSA BTOPAst 9ACTh JIEMMBI.

JIlemma 5. Ecou soinonnstorcs yeaosus 1-3; A € [«(0),3(0)], B € [a(1),5(1)] u
D(0,1,A,B) # ©, to muOo)ecTBO pemtenuil 3amaun Jupuxae D(0,1, A, B) umeer mu-
HUMATbHOe perenue yap € S,(0,1) 1 Makcumanbuoe pemenne zap € Sz(0,1). Pemenns
Yyap ¥ Zap HenpepbiBHO 3aBucat or (A, B). s oboro U € [y, 5(0), 24 5(0)] cymecrsyer
equacTBeHHOE SABy € D(0,1, A, B) takoe, uto sy 5;(0) = U. Pertenne S4py HENpepbIBHO
sapucut ot (A, B, U) u nyig moboro V' € (U, 24 5(0)] cupaBeminBo HepaBeHCTBO Sapy (t) <
SABV(t); t e (O, 1)

okazareabcTBo. 113 1eMMbl 2 ciejiyer ynopsipodenuocts pemennit u3z D(0, 1, A, B).
Mcnosnb3yst yeaosue 1, nosiydaem CyNIeCTBOBAHUE MUHUMAJBHOIO M MAKCHUMAJILHOTO Pe-
mennii. 113 temmbr 4 cienyer yap € Sq(0,1) u zap € S5(0, 1). HenpepbiBaasi 3aBHCHMOCTE
ciaeayet u3 ycaonuit 1-2. Jlemma 1 rapanTupyer cyiiecTBOBaHUe PEIIEHNS Sy, & YCJIOBUE
2 — ero ejuHCTBeHHOCTH. HempepwiBHas 3aBucumoctb or (A, B,U) ciemayer u3 ycioBuii
1-2.

JIlemma 6. Eciiu Boimonnsitores yeiaosus 1-3, ro D(0,1, A, B) # @ s iobbix A €
[a(0), B(0)] n B € [a(1), B(1)]

HokazareabcrBo. O6o3nauum vepe3 X muoxectso B € [a(l), 5(1)], anst KoTopbix
D(0,1, A, B) # @. 13 temmnbt 3 crienyer X # @, a u3 ycyaoBus 1 ciieryer 3aMKHYTOCTD X .
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[Tokaxkem, ato X orkpsiTo B [r(1), 5(1)]. [Tycrs B € X. Torga pemenus u3 S(0, A, v/, 5(0))
u S(0, A, 2/,5(0)) nator pemenne 3anaun JInpuxiie i HEKOTOPOi OKPECTHOCTH TOUKH B.
I3 3amknyTocTu n orkpeiroctu X caenyer X = [a(1), 3(1)].

Jokazamenvemeo meopemu, 1. I3 jemmbr 6 caemyer, uro aus mobeix A € [« (0), 5(0)]
n B € [a(l),5(1)] mroxkecro pemennii 3agaan dupuxae D(0,1, A, B) nenycro. Torga
U3 JIeMMBI O cJejyeT TeopeMa 1.

Bameuanue 2. Orobpaxenne (A, B,U) — sapy gaer romeomopdusm mexay S u
MHO>KeCTBOM

{(A4,B,U) : A€ [a(0),8(0)] A B € [a(1), B AU € [y4p(0), 245(0)]},
KOTOPOe ToMeoMOpPGhHO Ky0y.

Jlemma 7. Ecan BoimostHsitoTcst yeaoBust 1-2, TO ycjoBue 3 SKBUBAJIEHTHO CJI€/1YOIIEMY

YCJIOBHIO:
4. Nng mobsix a € [0,1) u b € (a, 1]

D<a7 b7 a(a)v 6@))\(5&(@7 b) U Sﬁ(av b)) 7£ ©,
D<a7 b, a(b)7 ﬁ(a»\(sa(a? b) U Sﬁ(a7 b)) # Q.

HokazarenscrBo. Tak kak cBoiicTBa 1-3 crpaBemuBbl U /I HHTEpBaIa [a,b], To
u3 TeopeMbl 1 caenyer 3 = 4. [lokaxkem, uto 4 = 3. [Ipeanonoxkum nmporusnoe. [IycTh
z € D(a,b,a(a), (b)) Takoe, uro z'(a) = o/(a), 2'(b) = F(b) u a(t) < z(t) < B(t),
t € (a,b), ay € D(a,b,a(a),3(b))\(Sa(a,b) U Ss(a,b)). 3amernm, 9ro = u y umeror He
Meree Tpex obuux rouek. 113 S(a, a(a),y' (a)) Beibepem pemmenue y; : [a, by, | — R, Koropoe
yaosierBopsier yeaosuam: yi(t) > y(t), t € [a, by, |, naiigyrea ¢1, b1 € (a,by,) Takume, 9To0
¢ < by, yi(cr) = x(c1) m yi(by) = x(by). Ha unrepsane [a,b1] x u y; umeror He MeHee
Tpex OOIIUX TOUEK, He coBnagaioT u Menbiie (. Boibepem u3 S(by, y1(b1), vy (b1)) peuenne
Yo © [ay,, b1] — R, koropoe yaosierBopsier ycaoBusiM: Yo (t) < yi(t), t € [ay,, by], Haituyrcs
ai, ¢y € (ay,,b1) Takue, 9o a1 < 9, Ya(a1) = x(a1) n y2(c2) = x(c2). Ha nnrepsase [ay, b
T ¥ Y UMEIOT He MeHee Tpex OOLIMX TOYeK, He COBNAIAIT U JIEXKAT CTPOTO MeXIy o u [3.
Ho 510 nporuBopednt 3amevanuio 1.
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