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Trigonometry of lemniscatic functions

A. Gritsans and F. Sadyrbaev

Summary. In this note we provide a set of useful formulae for the lemniscatic func-
tions slt and clt. Various forms of the addition theorems are provided.

1991 MSC primary 34A05, secondary 26A99, 33E05 26B40

1 Introduction

The lemniscatic functions can be characterized as “nonlinear” sin and cos functions. Recall
that elementary trigonometric functions can be defined as linearly independent solutions
of the ordinary differential equation

d
2 /!
= — = _. 1
Integration of (1)) gives
o+ 2? = ¢, (2)
where ¢ is an arbitrary choice constant. It follows from (2), that sint and cost can be
sint 1
defined also as t = bf \/% and t :C({t %_
If one considers the nonlinear equation
7" = —22° (3)
together with the initial conditions
z(0) =0, 2/(0)=1 (4)
or
Z(0) =0, =z(0)=1, (5)

then integration of (3)) gives the relation

22(t) + ai(t) = 1. (6)
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Solutions x(t) and y(t) of the equation (3), which satisfy the initial conditions (4) and (5)
respectively, can be defined as

(7)

and

—_

(8)

<

—~
~

N

\/%. (7) and

(8) are known as the lemniscatic functions [10, § 22.8]. So x(t) and y(t) can be identified
with slt and clt respectively (the notation sl¢ and clt¢ for the lemniscatic functions was
introduced by C.F. Gauss).

One may consult the books [10], [4], [2], [8] for more information on the lemniscatic
functions. Some recent applications of the lemniscatic functions in natural sciences can

be found in [7].

1
for ¢ € [0, 4], where A := [
0

2 Addition formulae

Likely as the elementary trigonometric functions, the lemniscatic functions allow for the
addition formulae.
It follows from definition (7) that if we set

dt
<= ) Tr = ) )
/\/1—t4 /\/1—t4 / V1-—t*
0 0 0

then
r=slz, w=slz, v=sly.

If one can find r = r(u,v) such that the equality

/ V1-—th / V1—th / V11—t

holds, then r =slz = sl(z+y) = r(u,v) = r(slz,sly) and this relation can be interpreted
as the addition formula for slt at least in some neighborhood of ¢ = 0. The right choice
of r is ([4, Ch. 2, sec. 2.3])

w1l —vt oyl —ut

1+ u2v?

and thus
sl(x)4/1 = sl*(y) +sl(y)y/1 — sl*(x)

sz +y) = 1+ sl(z) sl (y)




24

This is the first addition formula. It is true in some vicinity of zero. Later we modify it
in such a way that it is valid for any x and y. Namely, the formulae

sl(z) sl'(y) + sl(y) sl'(x)

1+ s?(2) sl*(y) (10

sl(z +y) =

will be proved.

Although the lemniscatic functions were the first elliptic functions which were con-
sidered (investigations of the sum formula for sl¢ go back to Fagnano and L. Euler [4]
§8 2.1, 2.2, 2.3]), the easiest way to obtain (or reconstruct) the addition formulae for sl¢
and clt is to use those for the Jacobian elliptic functions sn(¢; k), cn(t; k) and dn(¢; k). It
is known ([10} §22.8]) that the lemniscatic functions can be expressed (at least in some
neighborhood of ¢t = 0) also as [10} § 22.8]

sn t 1
k It=cn—, k=——. 11
dn ) C Cn Y ( )

slt =k
k V2

1
k

It was shown in [3] that

_sl(a) cl(B) +s1(B) cl(a)
sla+8) = T3 s108) () A(d) (12)
and
o+ ) = cl(B) cl(a) — sl(a) sl(5) (13)

1+ sl(a)sl(B) cl(a) cl(B)
The proofs of (12) and (13) are based on the addition formulae for the Jacobian elliptic
functions, which can be found, for example, in ([1], [5]).

Remark 2.1. Notice that the trigonometric analogues of (12) and (13) are sin(a 4 ) =
sin acos 3 + sin f cos a and cos(a + () = cos o cos f — sin asin .

Proposition 2.1 The following relations are valid for any t € R :
sl'(t) = cl(t) (1 +sP%(t), cl'(t) = —sl(t)(1+c*(t)),

sI?(t) +s1(t) = 1, cl?(t) +cl*(t) =1, s®(t) +s1%(t) cl®(t) + cl*(t) = 1,
ds
V1=t

Proof. Proofs can be found in [3, Propositions 7.4, 7.5 and 7.6, Corollary 7.3 |.

slt+ A) =cl(t), cl(t+ A) =—sl(t), where A= /1

Proposition 2.2
sl(a) sl'(B) + sl'(a) sl(B3)
1 +sl?(a)sl*(B)

sl(a+ ) = (14)
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Proof. Denote sl(a) =: Sy, sl(3) =: Ss, cl(a) =: C, cl(§) =: Cy. We mean also that
sl'(a) =: Sy, sl'(B) =: Sy, cl'(a) =: Cf, l'(B) =: Cf.

. SICQ + SQCl o 3102 + 5201 . (1 + S%) (1 + 522)
TS50 1- 55010, (1152 (11 %))

sl(a+ 1)

B 5102(1 + 512) (1 + 522) + 5,04 (1 + S%) (1 + 522)
B (1 + 512) (1 + S%) — 51520102(1 + 512) (1 + S%)

_ Si(1457)S5 4+ S5(14 53)5]
T (1+52)(1+ 83) — 515,515,

S+ 57)S5 4+ 514 53)S] (1+57) (14 53) + 515,515

(1+57)(1+53) — 8155185 (14 S7) (14 53) + 51925755

Transformation of the numerator follows:

[S1(1+52)S5 + Sa(1+ 83)S4] - [(1+ S2) (1 + 52) + S15:5155]
= S1(1+57)55(1+ S7) (1+53) + S2(1+53) 57 (14 57) (1 + 53)
+51 (14 52) 5551525185 4 So (1 + 53) 5151525195

make use of

§?=1-8"=(1+5%(1-95?
= S1(1+57)55(1+ S7) (1+53) + S2(1+53) 57 (14 57) (1 + 53)
+S7(1+57) (1 — 53) (1 + 53) 5257 + S3(1 4 593) (1 — S7) (1 + 57) 5155
= S5 (1+S7) (14 53) [1+ 53 +S7(1— 53)] + 5155(1 + S7) (1 + 53)
X [1+ 57+ 52(1— S?)] = S257(1+ S?) (14 S3) [L + 53 + S} — S35%]
+5155(1+ 57) (1 + 53) - [1+ S + 53 — 5357

= (1+57)(1+53) - [1+ S+ 53 — 5357 (5155 + $2.57).
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Transformation of the denominator follows:
(14 52)%(1+ 83)° — §2525;2852 =

make use of

§=1-8=(1+5%)(1-5?%

1+ 52)°(1+52)° — S253(1+ S7) (1 — S3) (1 + S3) (1 - S2)

L+ 57) (1 +53) [(1+57) (1 +83) — S755(1 — S7) (1~ 53)]

(
(
(
(

) (

1+ S7)(1+83) [(1+87)(1+S3) — S253(1 - S3) (1 — S3)]
) (
P)

1+ S7) (14 S93)(1+ S7S3)(1+ S7 + 53 — 5753).

Therefore
5155 45257 sl(a)sl'(B) + sl'(a) sl(3)

sl(a+ ) = 1+ 95252 1+s(a)sl?(p) 7

q.e.d.

Proposition 2.3
cl'(a) cl(B) + cl(a) cl'(B)
1+ cl*(a)cl®(B)

sl(a+ ) =— (15)

Proof. One gets using the notation of the previous statement that

_ 818+ 58] SiCa(1+ 53) + S:Ci(1 + 57)

149262 1-C% 1-C?
192 1+ o ics

sl(a+ 9)

S1C(1+55)(14+CH(1+C5) + S:Ch(1+ SH(L+ CH(1 + C3)
a 1+CP(1+C3) +(1-CPH(1-C3)

take into account that
1+SH(1+C?) =2, i=1,2

- 2+ 20202 - 1+ C2C2

C10: + G0y _011(04) cl(B) +cl(a) cl'(B)
1+C3C3 1+ cl*(a) cl®(B)

Proposition 2.4
sl'(@) cl(B) + sl(a) cl'(B)
1 +sl*(a) cl*(B)

cl(a+p) = (16)
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Proof.

o+ 6) =l +9)+ 4) =<l (3 4) + ) = LA P 02

_ | siB+A) =) | _ sl'(a) cl(B) + sl(a) cl'(B)
sl'(8 + A) = cl'(B) L+sP(a)c?(3)

3 Appendix

We summarize here the addition formulae for the lemniscatic functions together with their
trigonometric analogues. The double argument formulae are provided also which can be
obtained from the summation ones. The addition formulae are given in the “+”-form,
which easily follow from the “+” formulae taking into account the evenness properties of
slt (odd function) and clt (even function).

sl(a) cl(B) £ s1(B) cl(«)

sl{a £ ) = F sl(@) s1(8) cl(a) cl(B)
sin(a £ ) = sinacos § £ sin F cos a
_ sl()sl(8) £ sl(@)s1(9)
slla£0) = 1+ () s2(8)
sin(a £ 3) = sin asin’ 3 + sin’ asin 3
__d(@e(3) £ (@) d(p
Sl(&iﬂ)*:’: 1—|—Cl2(a)Cl2(ﬁ)
sin(a + 3) = F(cosaccos’ f % cos’ a cos 3)
() d(B) Fsl(a)sl(B)
Cl(a + 5) T 14+ sl(a) sl(ﬁ) cl(a) cl(u)
cos(a & 3) = cos acos B F sin asin 3
_ sl(0) dl(B) = sl(a) (8)
cl (Oz:]:ﬁ) = 1 +812(Oé) 012(6)
cos(a + ) = sin’ acos 8 £ sin a cos’ 3
(20) = 2sl(a) cl(a)

1 —sl(a) cl*(a)
sin 2 = 2sin o cos «

2sl(«) cl(«)
sl?(@) + cl*(a)

sl(2a) =

Sin 2a = 2sin o cos av
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2l I’
(20) = 2M@) (@)
1 +sl*(a)
sin 2o = 2sin acsin’ a
2sl(a) el(a) (1 + sI?
{2y - QA1 + ()
1+ sl*(a)
sin 2a = 2sin o cos av
—2cl 14
(20 = 28l el @)
1+ cl*(«a)
sin 2a = —2 cos a cos’ «
2sl(a) cl(a) (1 + cl?
d(2a) = sl(a) cl(a) (4 +c (a))
1+ cl*(«)
sin 2a = 2sin o cos av
(a) —sl?
l(20) = c (ozz) S 2(oz)
1+ sl*(a) cl*(a)
cos 2 = cos? o — sin®
| I | Iy
l(20) = cl(a)s (a2) +s (204)0 ()
1 +sl®(a) cl*(a)
cos 2a = cos avsin’ v + sin v cos’ «v
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A.C. I'punanc, @.2K. CagpipbaeB. Tpuronomerpusi JeMHUCKATHBIX (DYyHK-
IIUiA.

Awunoranusg. g nemuanckarabix ynkmuit slt n clt npuBoguTess Hadop dopmy.,
NMEOIINX aHAJIOTH B TEOPUU SJIEMEHTAPHBIX TPUTOHOMeTpHUecKnX GyHKIuit. Janbr pas-
JINYHBbIE BAPUAHTHI TEOPEM CJIOZKEHHUSI.

VK 517.51 + 517.91

A. Gricans, F. Sadirbajevs. Lemniskatisko funkciju trigonometrija.

Anotacija. Tiek apskatita virkne formulu, kas saista lemniskatiskas funkcijas sl¢ un
clt un kuram eksiste analogi elementaro trigonometrisko funkciju teorija. Uzraditi vairaki
ekvivalenti saskaitiSanas teoremas formulejumi.
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